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Throughout this document any ring is a commutative ring with identity.
Any time we use k it is a field.

The theory of modules over a ring is a generalization of the theory of
vector spaces over a field. Many of the terms and results for vector spaces
extend quite easily to modules, but there are some issues that require careful
formulation.

The theory of modules is also a generalization of the theory of abelian
groups. In fact, every abelian group is a Z-module (and conversely).

1 Definition and key properties of modules

Definition 1.1. A module M over a ring R is an abelian group with an R-
action (aka R-multiplication). For each r € R and m € M there is a unique
element rm = mr of M. This R-action satisfies the following properties.
For r,7’ € R and m,m' € M,

e Ilm=m

o r(r'm) = (rr')m

e (r+r'ym=rm+rm
o r(m+m')=rm-+rm

When R is a field, an R-module is simply a vector space over R.



When there is clearly a single ring under consideration we may simply
say that M is a module, with the understanding that it is over this ring.
The most fundamental examples are the following three.

Ezample 1.2. The Cartesian product R X R X --- X R is an abelian group
using coordinate wise addition. If there are n copies of R, we will this as R™.
We make R" into an R-module by introducing the R-action r(ri,...,m,) =
(rri,rre,...,rry). Check that this satisfies the properties of modules.

Ezample 1.3. An ideal I of R is an R-module using the multiplication in
R as the R-action. Since an ideal absorbs products we have ra € I. The
properties that R-action must satisfy are easy to verify. They follow from
the properties of multiplication in R.

Ezample 1.4. For I an ideal in R, the quotient ring R/I is an R- module.
The R-action that we use is this: For » € R and a + I € R/I, define
r(a+ 1) =ra+ I. Verify this satisfies the required properties.

Notice that the latter two examples are trivial when R is a field, since
the only ideals in a field are the 0 and the whole field.

Definition 1.5. A module M is cyclic when it is generated by a single
element. That is, M = Ra for some a € M.

When R is a field, M is cyclic just means that M is a one-dimensional
vector space.

For arbitrary R, an ideal is cyclic as an R-module just means that the
ideal is principal.

For arbitrary R and any ideal I in R, the quotient ring R/I is cyclic,
generated by 1+ I. Verify!

Thus, we may think of “cyclic” as a more general notion than principal;
it is applicable to all modules, not just ideals.

If we have several modules, their Cartesian product has a natural module
structure. The proof is routine and left to you.

Proposition 1.6. Let My, M>, ..., M; be modules. Then My x My x---x M;
with component-wise multiplication by R is also a module over R.

Definition 1.7. The Cartesian product with the module structure in the
proposition is usually called the direct sum of the M; and it is written
My ® My ®--- P M. It is also called the direct product of the M;.

There are some basic properties of modules that should be checked: see
Ash 4.1.2. (For example Ogpm = 0y for any m € M.)

There are three other examples in Ash that I want to briefly mention,
but we will not use them a lot.



Ezample 1.8. The polynomial ring R[z] over R is an R-module. In fact,
R[z] is said to be “free” with an infinite basis 1,z,22,.... Every element of
R[z] can be written is a unique way as a finite sum of these basis elements.

Ezample 1.9. Let M, (R) be the ring of n x n matrices over R. Then M (R)
is a free R-module when we allow R to act by multiplication on each compo-
nent of the matrix. The module M (R) is really just R"* with components
arranged in a square. It has a basis E;; for 4,j € {1,...,n} where E;; is the
matrix which is 1 in position ¢, 7 and O otherwise.

Ezxample 1.10. If ¢ : R — S is a homomorphism of rings, then S is an
R-module. The R-action is defined via ¢, the action of r on s is defined to
be ¢(r)s. You can check that this satisfies the required properties for S to
be an R-module. When an R-module also has the structure of a ring it is
called an algebra over R.

The previous two examples, R[x] and M (R) are actually R-algebras.

Extending this example a bit, if N is an S-module then we can treat it
as an R module via ¢. The action of r € Ron n € N is ¢(r)n.

2 Homomorphisms

Naturally, the first things we want to consider are structure preserving func-
tions and subsets of a module which are modules themselves.

Definition 2.1. A function ¢ : M — N is a homomorphism of R-modules
when ¢(m +m’) = p(m) + p(m’) and ¢(rm) = re(m) for m,m’ € M and
r € R. The first condition says that ¢ is a homomorphism of abelian groups,
and the second that ¢ respects R-action. We say ¢ is an isomorphism when
it is also a bijection.

Proposition 2.2. If p : M — N is a bijective homomorphism of R-
modules (that is, an isomorphism) then the inverse function = is also a
homomorphism (and therefore an isomorphism).

Proof. We need to check that ¢! (n+n') = =1 (n)+ =1 (n/) for all n,n’ €
N and that ¢~ (rn) = ro~!(n). There are unique m, m’ such that p(m) = n
and p(m') = n’ Since p(p~!(n) +¢7H (1)) = p(m+m') = p(m) +p(m') =
n +n' we can apply ¢! (which is a function!) to get o ~!(n) + ¢ 1(n') =
ot n+n).

Similarly, ¢(r¢~1(n)) = ro(p~t(n)) = rn. Now apply ¢~ L. O

Ezample 2.3. For I an ideal of R, the inclusion map I — R is a module
homomorphism.



The quotient map R — R/I is also a module homomorphism.

Ezample 2.4. If M = ®]_;M; is the direct sum of the modules M; then
the projection M — M; is a module homomorphism. There is also a
module homomorphism M; — M, it takes m; € M; to the element of M
which is m; in the ith component and 0 elsewhere. This injection is a clear
generalization of the analogous statement for vector spaces.

Notice that for two rings R, S there is generally no ring homomorphism
from R to R x S since we require that a homomorphism take the multiplica-
tive identity to the multiplicative identity. For example, there is no ring
homomorphism from Z/2 to Z/2 x Z/3.

Definition 2.5. Let M be an R-module. A submodule of M is a subset
that is also a module using the R-action on M.

Equivalently, a submodule of M is a subgroup K of M that is closed
under multiplication by elements of R, that is 7k € K for all k € K.

The next propositions are easy generalizations of results for abelian
groups. Proofs are left as exercises.

Proposition 2.6. Let ¢ : M — N be a homomorphism of modules. Then
ker(¢) is a submodule of M and im(p) is a submodule of N.

Ezample 2.7. If I, I, ..., I; are ideals in R, then Iy X Iy X --- X I; is a
submodule of R!.

Not all submodules of R! are as simple as the previous example!

Proposition 2.8. If B is a subset of M then the set of all combinations
r1b1 + ... b, for by € B and arbitrary n € Ny is a submodule of M.

Proof. The four properties that the R-action have to satisfy are automatic,
since M is already an R-module. We have closure under addition: Two
arbitrary elements are (riby +...7mpby) and (rib} +...7,0),) for b; and ¥/
in B. Their sum is also a finite sum of multiples of elements of B. We also
have closure under multiplication by elements of R: r(riby + ...7mb,) =
(rri +...7rpby) is also a sum of multiples of elements in B. O

The next example is a special case of the proposition.
Ezxample 2.9. If I is an ideal in R then the module generated by am for
a €I and m € M is a submodule of M. We call it TM.

Definition 2.10. Let M be an R-module and let K be a submodule of M.
For any m € M, theset m+ K ={m+k: k € K} is called a coset of K.



Since M is an abelian group, the set of cosets forms an abelian group,
which is written M /K. Not surprisingly M /K has an R-module structure.

Theorem 2.11. Let M be an R-module and let K be a submodule of M.
The cosets of K partition M. That is, any two cosets are either disjoint or
equal.

The set of cosets has the structure of R-module using the action r(a +
K)=ra+ K.

The fundamental theorems for group homomorphisms, and ring homo-
morphisms have analogues for module homomorphisms.

Theorem 2.12 (Factor). Let o : M — M’ be a homomorphism of modules
and let K be the kernel. If N is a submodule of K then ¢ factors through
m: M — M/N. That is, there is a uniquely defined homomorphism ¢ :
M/N — M’ such that ¢ = @ o.

Furthermore, ¢ is surjective iff ¢ is, and @ is injective iff N = K.

Theorem 2.13 (1st Isomorphism). If ¢ : M — M’ is surjective then
M’ = M/ ker ¢.

Ezample 2.14. The homomorphism ¢, : R — R taking 1 to a has image
the ideal (a). If R is an integral domain then the map is injective, so R is
isomorphic as an R-module, to im(p,) = (a).

Show that in Z/4, the ideal (2) is cyclic, but not isomorphic to Z/4.

Theorem 2.15 (Correspondence). Let K be a submodule of M. There is a
one-to-one correspondence between submodules of M/K and submodules of
M containing K.

Theorem 2.16 (3rd Isomorphism). Let K be a submodule of N and N a
submodule of K. Then N/K is a submodule of M /K and

M/K M
N/K ~— N



3 Generating sets and free modules

The following definitions are natural extensions from the theory of vector
spaces.

Definition 3.1. A subset B = {b1,...b;} of module M is a spanning set
when every element of M can be written as a linear combination of the
elements in B. The elements of B are linearly independent when > r;b; =0
iff each r; = 0. When B spans M and the elements of B are linearly
independent, we say B is a basis for M.

A module M is finitely generated when it has a finite spanning set. It is
finite free when it has a finite basis.

We will only consider finitely generated modules.

Example 3.2. The R-module R = R® R@® --- ® R is finite free. It has a
basis eq, ..., e, where ¢; is 1 in the ith position and 0 elsewhere. This basis
is called the standard basis. Of course, as with vector spaces, it is not the
only basis.

Ezample 3.3. Each ideal in Z is principal, and therefore finitely generated.
Any non-zero ideal in Z is also free; for example (2) has basis 2. The
rings Z/n are generated by 1, but they are not free as Z-modules. The
spanning set {1 4+ (n)} is not linearly independent, for the element n € Z
and 1+ (n) € Z/{n), n(1+ (n)) = 0+ (n) is a linear combination that gives
0 + (n), although n # 0. The same argument shows no other element of
Z/{n) is a basis.

Ezample 3.4. The Hilbert basis theorem showed that any ideal in k[z1, . .., 2]
is finitely generated (as an ideal, which is equivalent to saying it is finitely
generated as a module).

Ezample 3.5. Non-principal ideals in k[z,y] are not free. This needs proof,
but as an example I will show that the ideal (z,y) does not have z,y as a
basis. There is no common divisor of  and y, other than elements of k, so
(x,y) is not cyclic (i.e. not principal). Note that y(z) — z(y) = 0. Think of
the (x) and (y) as generators of (x,y) and the y and x as coefficients from
k[x,y]. This shows that z and y are linearly dependent.

A vector space has a well-defined dimension; every basis has the same
cardinality. The situation is more complicated for general modules, but,
fortunately, it is relatively simple for free modules. Let’s just prove it in the
finite case.

Theorem 3.6. If the R-module M is isomorphic to Rt and to R*, then
s =t. This number is called the rank of M.



Proof. The trick is to mod out by a maximal ideal I of R to get a vector
space over the field R/I.

Let IM be the submodule of M generated by am for a € I and m € M.
We have shown that IM is a submodule of M. I leave it to you to show
that M/IM is a module over R/I with action (r+1)(m+IM)=rm+IM.

Since R/I is a field, M/MI is a vector space over R/I and has a well
defined dimension, t. We will show this dimension is equal to the number
of elements in any basis for M.

Suppose b1,...,b; € M is a basis for M. Since the b; span M, it is clear
that the b; + IM span M/IM. Consequently dim(M/IM) < t.

Now suppose that some linear combination of the b; + IM is 0 + IM;
St (ri + 1) (b + IM) = 0+ IM. Then

t
0+ 1M =Y (ri+I)(bi +IM)
i=1
t

i=1

t
= (Z Tibi) +IM
=1

This shows that 25:1 rib; € IM. Any element of IM may be written
as a sum Zle a;b; for a; € I (verify!). Thus 22:1 rib; = 21;:1 a;b; and
therefore 25:1(7“2‘ —a;)b; = 0. Since the b; are independent, r; — a; = 0 for
all 7. Going back to our original linear combination, since each r; = a; € I
all the coefficients in S°i_,(r; + I)(b; + IM) = 0+ IM are actually 0 + I
in R/I. This shows that ¢ < dim(M/IM) and completes the proof that the
number of elements in a basis for M is equal to the dimension of M /IM for
any maximal ideal I. O

4 Generators and relations for a module

We will write elements of R® as row vectors of length s. Any homomorphism
is assumed to be an R-module homomorphism.

Let M be an s x t matrix of elements of R. Then M defines an R-module
homomorphism from R* to R! using the usual rules for matrix multiplication.
Conversely, suppose ¢ is an R-module homomorphism from R* to Rf. Let
e1,...,es be the standard basis for R® and f1,..., f; be the standard basis



for Rt. Write o(e;) = mi fr + miafo+ -+ - + myfr. Form the matrix

mi1 Mmi2 ... Mg
M = 2,1 2,2 2,t
Mms1 Ms2 ... Mgy

)

By the properties of R-module homomorphisms, ¢ agrees with matrix mul-
tiplication by M, ¢(z) = M for any x € R®.

Suppose that M is a finitely generated R-module, with spanning set
b1, by, ..., b;. Consider the homomorphism R — M taking the standard
basis element e; to b;. The map is surjective since an arbitrary element of
M, which can be written >'_ 7;b;, is the image of (r1,...,7¢).

Definition 4.1. A presentation of M, which we may also call a generators
and relations representation of M, is a sequence of two homomorphisms
RB* %5 R* %5 M such that ¢ is surjective and ker(p) = im(¢)). The
image of ¢ generates M and the kernel of ¢ is the set of relations on those
generators.

Polynomial rings over a field

For the remainder of these notes, we will focus on polynomial rings over a
field.

Ezample 4.2. Consider the ideal (z,y) in R = k[z,y|. Then

R2 — <$7y>

i

is a surjective homomorphism. Recall that I'm writing elements of R" as
row vectors. So a 2 x 1 matrix gives a homomorphism from R? into R. Here
(x,y) is the image.

The kernel of this map is the set of all (f1, f2) € R? such that fiz+ foy =
0. We will prove later that a polynomial ring in n variables over a field,
klxi,...,zy], is a unique factorization domain. Writing fixz = —foy and
using unique factorization, we have that x | fo and y | f1, and the quotients
fa/x and — f1/y must be equal. Consequently, a presentation of (x,y) is

R! — R? — (2,9)

[y —] m



Note that the homomorphism R! — R? above is injective. This is not
always the case.

Definition 4.3. Let F' = {fi,..., fi} be elements of R. Consider the ho-
momorphism

R' — (F)
e — fi

The kernel of this homomorphism is called the syzygy module of F and is
written S(F).

We would like to identify generators for S(F') and construct a surjective
homomorphism from R? for some s to S(F'). This would give a presentation
of (F).

Monomial ideals

Let us first treat monomial ideals in R = k[z1,...,Z,).
Consider the monomial ideal generated by

G={z™,... 2%} (1)

and let

Yij = lem {a;, o} (2)

Here a; € Nij, so each «; is a vector of length n. IVA uses a(i), rather than
«;, but that notation becomes unwieldy in what follows, so I've adopted «;.
Just remember that it is an element of Nfj. Note also that lem(«, 5) might
more properly be called the least common sum, it is the smallest element
v € N{ such that v —« and v — § are both in Nij. Moreover v; = max(cy, §;).

For the presentation R® — (G) taking basis vector e; to x“ we have
elements of the syzygy module

Sz‘j = .%'%j_aiei — .TU%j_aj ej (3)

We will show that these generate the syzygy module.
An indexing trick will be useful in what follows. Note that any h € R
may be written as ZﬁeNg hga:ﬁ . For any a € Ny we may shift the indices

by a and write h as h = Z,BeNg h%azﬁ_“. We simply set hjy = 0if 3 7/ «
and h% = hp_q if B = . For example, if h = 1+ 2z + 3y + 522 + 4y* and
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a = (1,0) then h/(OJ') = 0 for any j and h'l(l,(]) =1, hl(2,0) = 2, hl(1,1) = 3,
hiz0) =5, i) =4

We will call an element m = (mq,...,ms) in R®* homogenous of degree §
(with respect to (a1, ...,as)) when the entries of m are all monomials and

LE(m;z$') = ¢ for all nonzero m;. We may also write this as LE(m;)+a; = 6.

Lemma 4.4. Let (a,...,a5) be fized with a; € Nj. Any element of R?,
where R = klx1,...,zy,], may be written in a unique way as a sum of homo-
geneous elements (relative to the o).

Proof. Let h = (hy,...,hs) € R Expand each h; using «; as discussed
above: h; =3 5oy, h; gzP~%. Then h = ZEGNEL (hygxP=1 . hggaP=as)
expresses h as a sum of homogeneous terms. O

Definition 4.5. With the notation of the Lemma, the leading term of h is
the nonzero homogeneous term with the largest degree.

Ezample 4.6. Consider k[z,y|, (so n =2) and s = 3. Let
h=(1+z+y, z+2y+ 322 y+ 22°)

If a1 = as = ag = (0,0) there is no shifting and we may write h as the sum
of homogeneous elements

(1,0,0)
(x,2,0)
(¥, 2y,y)
(0,322, 22%)

If oy = (1,0), and az = (0,1) and a3 = (0,0) then A is the sum of
homogeneous elements

(1,0,0)  of multidegree (1,0)
(2,0,22%)  of multidegree (2,0)
(0,0,y) of multidegree (0,1)
(y,x,0) of multidegree (1,1)
(0,32%,0)  of multidegree (2,1)
(0,2y,0) of multidegree (0, 2)
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Lemma 4.7. For G a set of monomials, any element of S(G) may be written
as a sum of homogeneous elements in S(G).

Proof. Let h = (h1,...,hs) € S(G). Write h = ZﬁeNg(hLﬁx'B_al, ooy hg gaPTas)
as a sum of homogeneous terms, as in the previous lemma. We can see from
the following computation that each of the homogeneous terms is in S(G).

0= i hixai
i=1
s
= Zxai Z hi’glﬂ_ai

i=1 BENR

- Y Y he?

BENT i=1

= ) hig

BeNp  i=1

Since a polynomial is zero only when each term in its expansion is 0, the final
sum shows that each Y7 ; h; 3 = 0. Thus, each term in the homogeneous
expansion of h is in S(G). O

Theorem 4.8. For a monomial generating set G, the S’ij in (3) generate

S(G).

Proof. By the previous lemma, it is enough to show that any homogeneous
element may be written as a sum of the S’ij. Let m be homogeneous of degree
8,50 m = (c12®~ 1, ..., csx® %) with ¢; € k. We must have § > a; for any
i for which ¢; #£ 0. We now argue that if there are two or more nonzero
terms, we can subtract a multiple of some Sij, and get another homogeneous
element of S(G) which has fewer nonzero terms. By continuing this process
we eventually get at most one nonzero term. Observe that a vector with
exactly one nonzero term is clearly not in S(G). Thus we end with the 0
vector, and therefore m can be written as a sum of multiples of the Sij.
Suppose ¢; and ¢; are nonzero. We know d = «;, o so 6 = ;5. Now

c;pd i Sij = c;wd i (m%j*ai e; — x4 ej>

= iz’ Ye; — c;a® e;j
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Subtracting from m eliminates the ith term in /m and results in a homoge-
neous element of S(G) with one fewer nonzero term. O

Ezample 4.9. Consider k[z,y] and let G = (y?, 2%y, 23). The image of the
following homomorphism is (G).

R} — (G)
y2

2

Yy
23
A presentation of (G) is
R3 — R — (G
CL‘Q —y 0 y2
0 r -y %y
—3 0 y2 3

In this example the exponents of the elements of G are a1 = (0,2), ag =
(2,1) and a3 = (3,0). The first row of the syzygy matrix is homogeneous
of degree (2,2), the second is homogeneous of degree (3,1) and the third is
homogeneous of degree (3,2). Notice that we used all the syzygys, although
the final one can be expressed as a combination of the first two. The kernel of
the left hand homomorphism is not trivial. You can see that it is generated
by (z,y,1). A more efficient representation would use just the first two

SYZygys.

Groebner Bases

Let us now work with a monomial ordering < on R = k[z1,...,z,]. We
showed above that for a set of multidegrees a,...,as € Njj, we may write
any h € R® as a sum of homogeneous terms. The leading term of h is the
homogeneous term with the largest multidegree using <.

Example 4.10. Refer back to example 4.6 with h = (1 + 2 + y, x + 2y +
322, y + 222). For a1 = ay = a3 = (0,0), and the graded lex order with
x > y, the final term (0, 322,22?%) is the leading term of h. Using the lex
order with y > z, the term (y, 2y, y) is the leading term.

Now consider a3 = (1,0), and ae = (0,1) and a3 = (0,0) The term
(0,323,0) is the leading term of h in the graded lex order with y > x. The
term, (0,2y,0) is the leading term in lex order with y > x.
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Let G = (g1,--.,9s) be a Groebner basis for the ideal it generates with
respect to the term order <. We want to relate the generators and relations
representation of (G) to that for (LT (G)). Let’s assume that G is a minimal
Groebner basis, so no leading term divides another and the g; are monic.
Let LE(g;) = a; and let ;5 = lem(ay;, o).

Since the g; are all monic, the S-polynomial of g; and g; is

S(9i,g;) = &M% gy — a7 Y g,

Since G is a Groebner basis, S(gi, g5) N 0, and this means that S(g;, ;) =
> i akgr where a; € R and LE(argr) < LE(S(gi,95)) < 7ij- The latter
inequality comes from the cancellation of the degree 7;; terms that occurs
in the computation of S(g;, g;) and the first inequatity is from the definition

of %5 Rewriting this we get

(797 —a;)g; + (—x797% —aj)g; — Z arpgr =0
k#i,5
SO
Tij = (.%'%j_ai — ai)ei + (—:L'%j_aj — aj)ej — Z A€
ey
is an element of S(G). The leading term of this element is 275~ %e; +
—xYii"%e;: It is equal to the element S;; in the presentation of S(LT(G)).

Theorem 4.11. Let G = (g1,...,9s) be a Groebner basis for the ideal it
generates. Let Sy,...,S, be a homogeneous basis for S(LT(G)). There erist
Ti,... T, € S(G) with LT(T;) = S; and these T; generate S(G).

Proof. We may write any h € R® as a sum of homogeneous elements relative
to (aq,...,as) as we did in Lemma 4.4. Thus, h = deNg(h1,5$B_°‘1, ey hg g A,

Suppose that h € S(G) and let § = max; {LE(h;) + o;}. Let m be the
“leading term” of h, that is the vector consisting of the homogeneous terms
of degree ¢ in h. Then m = (my,...,ms) is homogeneous and each m; is
either 0 or of degree § — ;.

We know that )7 ; hjg; = 0, so in particular the term in 2% is 0. This
term is »_;_; m; LM(g;), and recall LM(g;) = 2. Thus we have that m €
S(LT(G)). Since the S;; generate S(LT(G)) we have m = Dot n;ijS;; for
monomials n;;.

Now consider h — D n;jT;;. 1t is still in S(G). The homogeneous part
of degree ¢ is 0, because the leading term of h is m and the leading term of
Z#J nijTij is Ei# nijgij, which by construction is also m.
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Continuing this process recursively we may at each step subtract some
combination of the Tj;, lowering the leading term at each time. This process
must eventually terminate leaving us with the 0 element of S(G). Thus h is

a combination of the T;;. ]

Example 4.12. Consider k[z,y] with glex and x > y. Let G = (y*> — x, 2%y —
3_,3
r,r- =y )
A presentation of (LT(G)) was given in Example 4.9. Let us extend this
to a presentation of (G).
We have

S(g1,92) = 2*(y* — 2) — y(a°y — x)
= —2® + Ty
=~y —2z)— (@° —y?
S(g2,93) = z(z’y — z) — y(a® — y*)
=yt — g2

=W +2)(y° — )

A similar computation for S(gi1,g3) may be done. From S(g1,g2) we get
T = (22 —y,y,—1) € S(G) and from S(ge, g3) we get Toz = (y>+z, 2, —y) €
S(G). Notic that LT(T12) = S12 and LT(T53) = Sos (using the homogeneity
defined by a; = (0,2), az = (2,1), ag = (3,0)). We get the following
representation of the syzygy module S(G)

R3 — R? — (@)
2 +y -y 1 y? —x
TR — Y 2y —x
23y 0 2o 23 — 4

As in the previous example, the last syzygy is redundant, a more efficient
representation would use just the first two syzygys.
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