
Math 620: Groups, Rings, and Fields Michael E. O’Sullivan

Problem Set 3

Problems with (HW) are due Friday 9/22 at 9:00 in class. Your homework should
be easily legible, but need not be typed in Latex. Use full sentences to explain your
solutions, but try to be concise as well. Think of your audience as other students in the
class.

Problems 3.1. (HW) Generators for Sn .

(1) Show that Sn is generated by the n− 1 elements (1, k) for k = 2, . . . , n . [Show
that you can get an arbitrary transposition by conjugating (1, k) by some (1, j) .]

(2) Show that Sn is generated by 2 elements: (1, 2) and (1, 2, 3, . . . , n− 1, n) . [Show
that you can get all (1, k) from these two using conjugation.]

Problems 3.2. Generators for An .

(1) Suppose that σ is a k -cycle and τ is an m -cycle and there is exactly one element
of {1, . . . , n} that is in the support of both σ and τ . Show that στ is a (k +
m− 1) -cycle.

(2) Show that the product of two disjoint transpositions can also be written as the
product of two 3-cycles.

(3) (HW) Use part (a) (with k = m = 2 ) and part (b) to prove that An is generated
by 3 cycles.

(4) (HW) Compute (1, 2, a)(1, b, 2) for a, b distinct and not equal to 1 or 2. . Use
the result as motivation to show that the 3-cycles of the form (1, 2, a) generate
An for n ≥ 4 .

Problems 3.3. Cayley’s Theorem

(1) Let n = 5 and think of Zn in the usual way as {0, 1, 2, 3, 4} with addition modulo
n . For each a ∈ Zn write down in tabular form the function on Zn defined by
addition of a .

(2) Show that part (a) defines a function from Z5 to S5 , provided you think of
S5 as the group of permutations of {0, 1, 2, 3, 4} . Show that this function is a
homomorphism.

(3) Now consider Z2 × Z2 . Enumerate the 4 elements in any way you choose as
a1, a2, a3, a4 . For each ai define a permutation σi by aia1 = aσi(1) , aia2 = aσi(2) ,
aia3 = aσi(3) , aia4 = aσi(4) .

(4) Show in part (c) that this gives a homomorphism from Z2 × Z2 to S4 .

(5) (HW) Similar to the above examples, the next steps define a homomorphism from
D3 to S6 . Enumerate the elements of as follows D3 =

{
a1 = r0, a2,= r, a3 = r2, a4 = t, a5 = rt, a6 = r2t

}
.

For each ai define a permutation σi in S6 . σ1 is the identity, and σ2 is given
by σ2(i) = k whenever rai = ak . Verify that each σi is indeed a permutation by
writing it in permutation notation.

(6) (HW) Verify in three examples: for any a, b ∈ D3 , the permutation corresponding
to ab equals the product of the permutations corresponding to a and b .

(7) (HW) Which elements of D3 correspond to odd permutations in S6 ?
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Problems 3.4. Normal subgroups and their properties.

(1) Let N be a normal subgroup of G . Prove that for any subgroup H of G , H∩N
is a normal subgroup of H .

(2) Show that any subgroup of index 2 is normal.

(3) The center of G is the set of elements in G that commute with all elements of
G , Z(G) = {a ∈ G : ag = ga for all g ∈ G} . Any subgroup of the center of G ,
including Z(G) itself, is normal in G .

(4) (HW) If ϕ : G −→ H is a homomorphism and N is normal in H , then ϕ−1(N)
is normal in G .

(5) (HW) Find all normal subgroups of D4 and D5 .

Problems 3.5. Challenge problem

(1) Let n be a positive integer and k > n/2 . Find a formula for the number of
elements of Sn that include a k -cycle.

(2) Use Stirling’s formula to approximate the formula you just computed.

(3) Estimate the probability that a random element of Sn has a cycle of length larger
than n/2 .
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